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A New class of distributions can be generated by using a distribution or class of distributions. Some well-known methods
to generate a class of distributions are transformation of variables, use of conditional distributions, introducing of
additional parameters or the use of Copulas. Here we introduce Contour-Transformation; a technique based on geometric
approach and use it to generate new classes of distributions. In this artical we generate densities based on the size of

contours of a density function.
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INTRODUCTION:

Most of the times a proposed well-known statistical
model may not give a very satisfactory fit for a
collected data set. In such situations one has to
make certain modifications in the model and
suitable model has to be proposed. A New class of
distributions can be generated by wusing a
distribution or class of distributions. Some well-
known methods to generate a class of distributions
are transformation of variables, use of conditional
distributions, introducing of additional parameters
or the use of Copulas.

In the literature some methods to modify a model to
give a better fit for the data set have been reported.
In recent days there is a trend in the literature on
parametric families of asymmetric distributions
making a deviation from symmetry as well as the
normality assumptions. Many researchers have
developed different methods to construct skewed
distributions. Azzalini (1985) introduced skew
Gaussian distribution in terms of a product of
density function and distribution function of
normal distribution. Also if X and Y are symmetric
and independent random variables with probability
density functions fx and fy and distribution
functions Fx and Fy, respectively, then for any A,
g(y) = 2 fv(y) fx(dy) is a proper density function. This
leads to a skew-normal distribution by considering
X and Y to be independent and identically
distributed standard normal variables. The epsilon-
skew normal density proposed by Mudholkar and
Hutson (2000) gives better fit for data sets of

heights of 219 volcanoes. Arnold, et al. (2002) have
obtained a general family of multivariate densities
with given contours and these include circular and
elliptical densities not necessarily having the same
center, but have not used transformation of the
contours to generate densities. Rattihalli and
Basugade (2008) have generated a class of
multivariate densities by using  contour
transformation.

New families of distributions have also been
introduced using the concepts of conditioning or
truncation. When X has unbounded support, by
conditioning on a bounded set, the natural
parameter space can be enlarged yielding a new
family of distributions. For further details one may
refer to Rattihalli (2004).

In this article we develop models by considering
transformation of contours of a probability density
function (p.d.f.). Particularly we propose the
densities based on Basic contour transformation.

2. Notations and Concepts:

Contour Transformation:Let f be a density
function with modal value 0. For O < u < f (0) we
consider a transformation of contour Ct(u) to C*(u)
such that

i) the class {C*(u) : 0 < u < {(0)} is non-increasing in
u and (1)

ii) A (Ct(u)) = A (C*(u)), O<u<f(0). (2)

where, A is the Lebesque measure on Rk. Note that
corresponding to such a class C*= {C*(u): O<u<f (0)}
there exists a function {* (say) given by f*(x) = sup
fu: x € C*(u)} such that C*(u) = C (u), 0 <u <f(0). It
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is to be noted that, from condition (1),
corresponding to the class C*, there exists a
function f*. Since

F(x) F(x) F(M*) (M%)
jf*(x)dx :j{ jdu:]dx = j [ J‘du}dx = j { J‘dx:ldu: jA(c*(u))du
R* 0 0 |o xf*(x)2u 0

R* <u< fA(u) 0

- ij)A(c(u)) du = f(f))[ _[dx:| du = J’[fﬁju} dx= [ f(x)dx=1.

x:f(x)=u R¥

the function f* is p.d.f.

The requirement (1) is a major constraint on a CT.
An arbitrary

transformed class of contours may not correspond
to a function.

For u eR define

A(Ct(n)) , 0 <u <A(0) (3)
h(u) =
0, otherwise.

For an arbitrary (not necessarily continuous)
monotone decreasing function t(x), we define its
inverse as t'! (u) = sup{x: t(x) > u}.

The function

g (x) =hl[x) (4)

is also a p.d.f.,

Basic Contour Transformation:

The CT that transforms Cs(u) to (0, A(Ct(u))), for u >
0 is called the Basic Contour Transform. The p.d.f.
corresponding to the contours (0, A(Ct(u))) be called
as the Basic Contour Transformed density of f. The
function g (.) defined in (4) is Basic Contour
Transformed density of f. Following figure shows
the graphs of the function h and g, the basic
transform of f.

$ 1

v

X X
0 0

Fig. 1: Graphs of the funcdon h and g, the basic
transform of f.

For example, let f correspond to p. d. f. of
univariate normal random variable with mean 6
and variance o2. Here __
Ci(u) = (6 - oV- 2log (0 uV2m) , 6 + oV- 2log (0 uN2m))
A(Ct(u)) = 20V-2log(c u V27),

e-ISSN 2347 - 517X

{ ',.,“’, ACCES! Original Article

h(u) = 20V-2log(c u V2m),
Hence

for o < u < {(0).
(1 /o ~2m) exp ((1/2) [x/2)/0]}, x>0
0, otherwise
In general if f is symmetric p. d. f. about 6then

foe®+x/2) , x>0

g(x) =
0 R otherwise.

We note that if f is the p.d.f. of X, then g is neither
the p.d.f. of I x - 61 nor that of
But it is the p.d.f. of max {2 (| x| - 6), O}.
3. Basic contour transformed density when f is
symmetric about O :
Let f is a unimodal symmetric density function with

modal value O.
Define k (x) as

k (x) = f(|x]), x>0.
Here
2 k-1(u), 0 < u <f(0)
h (u) =
0 , otherwise

Fig. 2: Graph of k(x) and h(u)
Thus the Basic contour transformed density f* is

(x/2) , x>0
f(x) =
0, otherwise.

4. Illustrations:
a) Standard Normal Distribution:
Let f(x) = (1/V2n) exp {-x2/2}, - o< X <o
u = f(x) gives u = (1/\/2_75) exp {-x2/2} and
Ct (u) = (- V-2log(\2x u), V-2log(\2n u) ) thus
~ 2v-2log(\N2n u), O<uc<(1/\2n)

h(u) =
0, otherwise

and x = h(u) gives u = (1/V2n) exp {x2/8}, x > 0
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Thus the Basic contour transformed density f(x) is - 20 log(26u), 0<u=<(1/26)
given by h (u) =
(1/N2m) exp {-x2/8}, x>0 0 , otherwise
f(x) =
0, otherwise

x =h(u) gives u = (1/260) exp{- (x / 20) }, x> 0.
Thus the Basic contour transformed density f(x) is

b) Student’s t distribution: given by

_ 1 (1/20) xp b (x / 20}, x>0
0T pni2, 12) el Iy T e

fF(x)

0 s otherwise

u = f(x)
gives

B 2/(n+1) 7112
X = + (Yn)"0: [1-(Bu+n) ]

N 1(n+1
(Bu)?
and
o [ BT g [ (B e —
C,(u)=|- () s (W) T S B N S
£
thus
_ 21(n+1) 11/2 n
TRl UL 0 Sy PO -
h(u) = (Bu)ed n'? B(n/2,1/2),
0, otherwise Fig. 3: Graphs of f and f*
and x = h(u) gives u = The first two moments are E(x) = 20,
1 E(x2) = 802 and Variance is V(x) = 462
n"? g(n/2, 1/2) L+ x*/4n)"mv/2 <>0 c¢) Cauchy distribution:
Thus the Basic contour transformed density f(x) is 1[ . o . } oo < X < 00
given by fg =7 O° + X
e E 0 + i —0?
L u = f(x) gives u = w67 +x* thus x = \mu
12 2 (n+1)/2 = = =
n"° p(n/2,1/2) (1+x"/4n) x>0 and
flx) =< 0 6
o, otherwise - R_HZ U 6
Ci(u) = ( ), thus
~ o _ 92
T u
5. Basic contour transformed densities when f is 2 ) 0 <u<(1/m0)
symmetric about 0: h (u) =
c) Laplace distribution: 0 , otherwise
Let f(x)=(1/20) exp{-|x/ 0]}, -oo<x <w then
u = f(x) givesu = (1/20) exp {- | x / 0| } and
Cr (u) = (6 log(26u), - 6 log(20u) ) thus 1 p
T x|
6%+
and x=h(u) gives u = 41 x>0

Thus the Basic contour transformed density f*(x) is
given by
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0, otherwise

e) Pareto distribution:

f =2

Xﬂ+l !

l<x<owo, fF>0

u=fx)givesu=p/xP+*land x=[p /ul/B+1
thus Ci(u) = (1, [ /u]/®+1 )and
ACH{w)) =[B /u] 1/ ®+ D -1,
[B/u]t/(B+1) -1, O0<uc<}p.
h(u) =
0, otherwise

x =h(u) gives u = B/[x+1] B*1 , x > 0.

Thus the Basic contour transformed density f(x) is

given by
B/[x+1] B+, x>0.
fx) =
0, otherwise
CONCLUSION:

By using Basic contour transformations we can
modify the densities which are symmetric about
zero and also symmetric about 6. These modified

densities can be used for further data analysis.
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