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Introduction: 
Fourier-related transforms are of central 

importance in diverse application of science, 

engineering and technology. It is well known 

that Fourier transform are powerful integral 

transform and have innumerous application 

in variety of disciplines not only in 

engineering side like signal processing [2], 

optics communication [2] but also in music, 

economics and geography like subjects. 

Laplace transform are widely used for 

solving differential and integral equations. 

In Physics and Engineering it is used for 

analysis of linear time –invariant systems 

such as electrical circuit, harmonic 

oscillators, optical devices and mechanical 

systems. In the theory of integral transform, 

Mellin transform has presented a direct and 

systematic technique for resolution of 

certain types of classical boundary and 

initial value problems [ 4 ]. 

 The fractional Fourier transforms 

was introduced by Namias as a Fourier 

transform of fractional order. This was done 

starting from fractional powers of the eigen 

values of the Fourier transform and their 

corresponding eigen functions. The most 

important aspect of fractional Fourier 

transforms is its applicability in time 

varying signals for which the Fourier 

transforms fails to work. 

Fractional Fourier Transform (FrFT) is a 

generalization of the ordinary Fourier 

transform (FT). FrFT was first introduced as 

a way to solve certain classes of ordinary 

and partial differential equation arising in 

quantum mechanics. FrFT has established 

itself as a powerful tool for the analysis of 

time varying signals, especially in optics. 

FrFT has found applications in areas of 

signal processing such as repeated filtering, 

fractional convolution and correlation, beam 

forming, optimal filter, convolution, filtering 

and wavelet transform, time frequency 

representation [12,13].  A comprehensive 

mathematical frame work on properties and 

applications of FrFT can be found in [2]. 

 The Linear Canonical transform 

(LCT) is more general than the fractional 

Fourier Transform (FrFT). The FrFT has one 

free parameter α, but the LCT has four 

parameters to adjust the signal. To present 

the LCT by another simpler way is to use 

2x2 matrix  ,
  
  

-. The Fourier transform 

and the fractional Fourier transform are the 

special cases of the Linear Canonical 

Transform, where { a,b,c,d }= {0,1,-1,0} and { 

cosα , sinα , -sinα, cosα }. 

The Fractional Laplace transform plays an 

important role in many fields, including 

signal processing, wireless communication 

etc. The fractional Laplace transform is a 

special case of complex linear canonical 

transform [11,14]. 

Fractional Fourier Transform is defined 

as  

    * ( )+    ( )  ∫  ( )
 

  
  (   )   , 

where   (   )  √
       

  
 

 

     
,(     )         -

 

Generalized Fractional Laplace Transform 

given by Torre [1] is defined in terms of a 

kernel is 
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     is not multiple of   

  (   ),              is multiple of   

The aim of this paper is to introduce a 

generalization of Fractional Fourier-Laplace 

transform (FrFLT). This generalization 

includes testing function space & 

distributional generalized fractional Fourier-

Laplace Transform (FrFLT) is defined. Some 

properties of Kernel of FrFLT are obtained. 

Analyticity theorem for the fractional 

Fourier-Laplace transform is proved. 

Fractional Fourier-Laplace Transform 

Conventional Fractional Fourier-Laplace 

Transform 

The fractional Fourier-Laplace transform 

with parameter   and   of  (   ) denoted by 

     * (   )+ performs a linear operation 

given by the integral transform. 

     * (   )+      (   ) 
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where    (       )  
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…..                          (2.2) 

The Testing Function Space  (  ) 

An infinitely differentiable complex 

valued smooth function   on    belongs to 

 (  ), if for each compact set          , 

where,    *       | |       + and 

   *       | |       + ,        

      ( )        
   

|  
   

 
 (   )|   ,                                            

              

Thus  (  ) will denote the space of all 

   (  ) with support contained in      . 

Moreover, we say that   is a fractional 

Fourier-Laplace transformable, if it is a 

member of   , the dual space of  . 

 

Generalized Fractional Fourier-Laplace 

Transform 

The distributional fractional Fourier-Laplace 

transform of  (   )   (  ) defined by  

     * (   )+      (   )   〈 (   ) 

    (       )〉 ,    

 ……..(3.1) 

where    (       )  

√
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The R.H.S. of equation (3.1)   is meaningful 

because     (       )   and  (   )    . 

Proposition 

Generalized fractional Fourier-Laplace 

transform reduces to conventional Fourier-

Laplace transform if 

  
 

 
   

 

 
. 

Proof: The generalized fractional Fourier-

Laplace transform is given as  
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     * (   )+    (   ) , 

where  (   ) is Fourier-Laplace transform 

Properties of kernel of Fractional Fourier-

Laplace Transform 

To prove :      (       )      
 (       )  

where * denotes the conjugation. 

Proof- Consider,  
      (       )

 √
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In the similar way the following results can 

be proved,\. 

5.2 Result:     (       )      (       ) 

5.3 Result :    (         )      (         ) 

5.4 Result: 

∫ ∫     (       )
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5.5 To prove 
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Proof- 
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ANALYTICITY THEOREM 

Statement- let  (   )   (  ) and let its 

fractional Fourier-Laplace transform be 

defined as 

       * (       )+      (   )  

〈 (   )     (       )〉  hen     (   ) is 

analytic on    if the              such that  

     *           | |    | |           + 

Moreover,      (   )is differentiable and  

    
   

*     (   )+  〈 (   )     
   

*    (       )+〉

      

Proof:- let,   (                 )    

and    (                 )    be 

arbitrary but fixed point. 

We first prove that , 

 

   
*    (   )+  〈 (   ) 

 

   
    (       )〉 

For fixed     , choose two concentric 

circles   and    with centre at   with radii   

and   respectively such that        |  |, 

let     be a complete increment satisfying 

  |   |   . 

Consider,  
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Since for any fixed      and fixed  &    
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we have by Cauchy’s integral formula, 
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bounded by a constant L. 
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Similarly, 

|  
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where,  

 (       ̃)    
 
    (       ̃)is bounded by a 

constant M. 

Thus as |   |   .   
     

(   )tends to zero 

uniformly on the compact subset of   , 

therefore it follows that     
(   ) converges 

in  (  ) to zero. 

Similarly as|   |   ,   
 
    

(   )tends to 

zero uniformly on the compact subset of   , 

therefore it follows that     
(   ) converges 

in  (  ) to zero. 

Since  (   )   , we conclude that equation 

(4.1) also tends to zero. Therefore      (   ) 

is differentiable with respect to        . But 

this is true for all i= 1,2,-------n, hence 

     (   ) is is analytic on    and 

    
   

*     (   )+  〈 (   )     
   

*    (       )+〉 

Hence proved. 

Conclusion: 

In the present work generalization of 

fractional Fourier-Laplace transform is 

presented. The various properties of the 

kernel of fractional Fourier-Laplace 

transform are discussed. Analyticity 

theorem for the fractional Fourier-Laplace 

transform is proved. The concept  of  the 

Fractional Fourier-Laplace transform have 

been found to be useful in image processing, 

signal processing. 
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