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Abstract: Let X and Y be two random variables having cdf F  and G  respectively. Based on two 

independent random samples from F and G respectively, the problem is to estimate )( YXPR  , 

when we have a priori information 0R about R . Various estimators for R  are proposed. Performance of 

the proposed estimators is studied by simulation. 
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Introduction: 
Let X and Y be two independent random 

variables with cdf F  andG . Problem is to 

estimate )( YXPR  , when we have apriori 

information about R  in the form of a point

0R . There are three basic ways to 

incorporate apriori information while 

constructing a point estimator. These are 

namely- Shrinkage technique, Preliminary 

test technique and Bayesian approach. 

These techniques have extensively used by 

researchers in numbers of situations. An 

extensive bibliography on the topic is due to 

Bancroft and Han (1977) and Han, Rao and 

Ravichandran (1988). Some of the 

references in this area worth to mention are 

due to Bancroft (1944), Kale and Bancroft 

(1967), Thompson (1968a, 1968b), Ahmed 

and Rohatgi (1996).  

In the present work we adopt 

parametric as well as nonparametric 

approach in estimating R . It is motivated 

from Baklizi and El-Masri (2004), which is 

related to shrinkage estimation of R  for two 

independent exponential distributions with 

common location parameter. The main 

objective of the paper is to give unified 

treatment to shrinkage estimation of R in 

the presence of prior information under mild 

assumptions.The procedure proposed here 

can go for number of situations and has 

been illustrated with the model considered 

by Baklizi and El-Masri (2004).    The rest of 

the paper is organized as follows. Following 

section gives parametric procedure, wherein 

shrinkage as well as pretest estimation of 

R  is discussed. Use of bootstrap is 

recommended in both the cases. Pretest 

estimation for the problem considered by 

Baklizi and El-Masri (2004) is revisited. 

Performance of the proposed estimator has 

been discussed in the section 3. Section 4 is 

devoted to the nonparametric approach. 

Various estimators along with their mean 

square errors have been reported therein. 

We conclude the paper with major findings. 

Parametric Approach 

Shrinkage Estimator: 

We note that  

)( YXPR   
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An expression for R  can have all the 

parameters or it can have only few of the all 

the parameters.  

Let mXXX ,...,, 21  and  nYYY ,...,, 21   be 

two independent samples observed from 

)(F  and )(G  respectively. Assume that, 

1θ̂ and  2θ̂  be the maximum likelihood 

estimators (mle) of 1θ  and   2θ   

respectively. Then )ˆ;ˆ(ˆ
21 θθhRML  will be 
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the mle of R . Therefore the parametric 

shrinkage estimator of R  is  

0)1(ˆˆ RRR MLPSR    

where 10  ν  is to be chosen 

suitably. One of the ways to find optimum 

value of ν  is, to minimize )ˆ( PSRRMSE  

 20)1(ˆ)ˆ( RRνRνERMSE MLPSR   

It can be shown that 

2
0ML0ML
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0ML0

R)R̂(ER2)R̂(E

)RR̂(E)RR(




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However this value depends on R , )ˆ( MLRE  

and )ˆ( 2
MLRE , which are unknown. In most 

of the cases moments of MLR̂ are difficult to 

compute. After having obtained these 

moments, we replace unknown parameters 

involved therein by their respective mles. 

 To overcome this problem, we 

propose to use Bootstrap technique to 

estimate )ˆ( MLRE and ).ˆ( 2
MLRE These 

Bootstrap estimates can be simply plugged 

in ν so as to get
̂ .  In the following we 

outline Preliminary test approach. 

Preliminary Test Estimator:  

In this technique, we first test the validity of 

the apriori information using suitable 

statistical test and based on the result of 

the test an estimator is suggested. In other 

words preliminary test estimator is 

conditional estimator in contrast to the 

shrinkage estimator. 

Consider testing 
00 : RRH  vs. 

01 : RRH   

the parametric PTE is defined as   

0)1(ˆ RRML   if
0H  is not rejected 

PPTER̂  

MLR̂   if
0H  is rejected 

 

where we can use one of the three tests 

namely- 

1. Test based on exact distribution of  R̂ , 

2. Likelihood ratio test and  

3. Asymptotic test













 

)ˆ(
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0

0

ML

MLML

RVar

RER , as 
MLR̂

CAN for R with AVAR ( MLR̂ ).  

Following the third type of test, 

   

  

0)1(ˆ RRML   2/1 αZZif   

ASPTER̂  

MLR̂  Otherwise. 

(2.1) 

  

Theorem (2.1): The MSE of the pretest estimator defined in (2.1) is give by 

   )R̂(,1,0,b,a)RR)(1(2)R̂(,2,0,b,a)2()R̂(MSE ML
2

0ML
22

ASPTE    

  )R̂()R̂(,0,0,b,a)RR( ML
2

ML
22

0
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where   .ˆvar)ˆ(),0;(,0,,, 222
ML
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Lemma (2.1): ASPTER̂  is consistent 

estimator of R  provided  

.nnNas0)R̂( 21ML
2   

Again choice of ‘   ’ is subjective. 

Traditionally p- Value of the test is used to 

estimate ‘   ’. (Please refer to Tse and Tso 

(1996).) We propose here Bootstrap estimate 

of ‘   ’ following Ratnaparakhi, Waikar and 

Schuurmann (2001) for two-stage testimator 

of the normal mean. It is given in the 

following. 

Bootstrap approach to estimate ‘  ’ 

Based on X  and Y  sample we adopt 

following approach to estimate ‘   ’. 

1.Draw a bootstrap samples 


X  and  


Y  

from the samples X  and Y and compute 

Z  
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2.If 
2/1ZZ 

  ,consider the 

corresponding bootstrap sample for 

estimating ‘w’ and compute 

2/1 






 
Z

Z and 

if   
2/1 αZZ 

   ignore this bootstrap 

sample. 

 

3. Repeat (1-2), B (=2000) number of 

times and estimate 
*

A
 by taking    average 

of   for which
2/1 αZZ 

  . Also compute 

proportion of times 
2/1ZZ 

   among the 

B bootstrap samples. This proportion is 

regarded as another estimate of   say, 
*

P
 

. 

Example:  

Ballizi and El-Masri (2004), have considered 

shrinkage estimation of R  based on 

random samples of size 1n and 2n

from ),( μθE and  ),( E  respectively.  

In this case 
λθ

θ
R




and
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},..,2,1&...,2,1;,min{ˆ 21 njniYXZμ ji 

 

The pdf of R̂ is 
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Moments of R̂ contains Gaussian hyper 

geometric function. BE (2004) approximated 

these moments and then plugged mles of 

θ and  therein. 

Define
1

)(

)(

1

2





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
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ZYn

ZXin
U

j

. Then 
)(Φ

1ˆ U
U

R 
say. 

Using Lindley (1965),     we have 

2
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)(Φ))(Φ(

UEUVar
UEUE
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 and  

  )()(Φ))(Φ(
2
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Using  UE  and  UVar , under 

null hypothesis, the desired test can be 

constructed.   

Define 
1

211 )(  TTTS    It can be 

shown that S has mixed Beta distribution 

with mixing parameter

1
12 ))Rn/()R1(n1(  . Under 

null hypothesis, we have 

   1

10200 /11


 TRTRS  has mixed 

beta distribution with parameter,

1
01020 ))Rn/()R1(n1(  .  

Define   )(/)( 000 SVSESZ   we 

obtain the desired pretest estimator (2.1).  

Performance Of The Pretest Estimator 

We consider the model studied by Baklizi 

and El-Masri (2004). A simulation study is 

conducted to investigate the performance of 

estimator proposed here. We choose the 

similar set of parameters as considered by 

Baklizi and El-Masri (2004). These are as 

follows: 

n1= Sample size for the first population 10, 

20. 

n2= Sample size for the second population 

10, 20. 

R = .1(.025) .9,   0R = 0.25, 0.50, 0.75. 

For each combination of n1, n2, R  and 0R , 

we generate 5000 samples from both the 

populations with  = 1,  = (1/ R  - 1) and 

=0.  For each sample we compute MLE and 

the proposed estimator and compute MSEs 

of the both. Efficiency of the proposed 

estimator is the ratio of MSE of MLE to the 

MSE of the PTE.   

Results are shown in Figure 1-3. 

For each combination of n1, n2, R  and 0R , 

we generate 2000 B bootstrap samples from 
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both the populations with  = 1,  = (1/ R  - 

1) and  = 0.  For each sample we compute 

proportion of times 2/1ZZ 
   

among the B bootstrap samples. This 

proportion is regarded as another estimate 

of   say, 
*

P
 .Compute MLE and the 

proposed estimator and compute MSEs of 

the both. Efficiency of the proposed 

estimator is the ratio of MSE of MLE to the 

MSE of the PTE.   

Efficiencies of ML to PTE estimator when β 

is estimated (Proportion of 96.1Z  

         R=.25  R=.50   R=.75 
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